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Abstract:
Fixed point theory is one of the most fruitful and applicable topics of nonlinear analysis, which
is widely used not only in other mathematical theories, but also in many practical problems of
natural sciences and engineering. The Banach contraction mapping principle is indeed the most
popular result of metric fixed point theo -'"‘I'*his“@rinciple has many application in several
domains, such as differential equatiog#ctﬁnal}quations, integral equations, economics,

wild life, and several others. The aim.of this papér i 'to extend the concept of F. Khojasteh, Z.
Goodarzi and A. Razani to some new Qoﬁi‘ractiveri onditions of integral type in cone metric
space. _—
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1. Introduction: The concept of coriéahetri€spaterwds introduced by Huang and Zhang [1] in
2007 and some fixed point theorems was proved. Initially Branciari [2] introduced the
contractive condition of integral type and extended Banach fixed point theorem. Later on F.
Khojasteh, Z. Goodarzi and A. Razani [3] gave the concept of cone integrable function and
proved Branciari’s theorem in cone metric space. The aim of this paper is to extend the concept
of [3], to some new contractive conditions of integral type in cone metric space.

The following definitions and lemmas are useful for us to prove the main results.

Definition 1.1[1]: Let E be a real Banach space and P a subset of E. P is called a cone if the
following hold.

(1)  Pisclosed, non-empty and P = {0}.

(2) Ifa,beR and a,b >0, then ax+bye P, VX, yeP.

3 xe P and —x € P implies x=0.

Let P < E be a cone. We define a partial ordering with respect to P as x <y if and only
if y—=xeP and x<y will imply that x<y but x#y, while x<<y will mean that
y—X e int P, where int P denotes the interior of P.

The cone P is called normal if there is a numberM >0 such that 0 < x <y implies

IX| < M|y| ¥ x, yeE. The least positive number M is called the normal constant.

Example: Suppose E=R?*, P =E y)eE| Xy 2 0}, X TiBet d:XxX —>E be defined

as d(x, y)=(blx -y}, |x— y|)Wier€¥ < R and b > 0. Then (X, d) is cone metric space.

Definition 1.2[1]: Let (X, d) be a cone metric space and let {x,} be a sequence in X. Then

(1)  {x,} is said to converges to some x e X if for every ceE with 0 <<c, 3 a natural
number N such that ¥V n > N, d(x,, x) << c.

(2)  {x,} is said to be Cauchy sequence if for every c e E with 0 << ¢, 3 a natural number N
suchthat v m,n> N, d(x,, x,)<<c. VX yeP

3) A cone metric space (X, d) is complete if every Cauchy sequence is convergent.
Definition 1.3[3]: Let P be a normal cone in E and «, 8 €E where a < . Then we define

[, B]l={x€E:sp+(1-5)a,s<[0,1]},
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[, B)={xcE:sp+([1-s)a,s<]0,1).
Definition 1.4[3]: The set P, ={a=X,, X, X,, ....X, = B} is called a partition of [a, 8] if and
only if the sets {[XH, xj)}?:l are pairwise disjoint and [a, 8]={U", [x,,, x, )} U {8}
Definition 1.5[3]: Let P, ={a=xy, X, X,,.... X, =B} be a partiton of [a,B] and

¢= [a, ﬂ] — P be an increasing function. We define cone lower sum and cone upper sum as
$

L (6. R) Z¢( D% 2%
N

o
con ¢ P Z ¢( J*lfux Qxﬁm V{ES Cthely

The function ¢ is called cone integrable’ functlon,eﬁ [a ,B] if and only if for all partitions P, of

[, 8] WIKIPEDIA
lim L7 (4, B)=S"" :Thinﬁfooﬁ@}wf)),edia

where S is unique. We shall write $*" = Ij ¢ dp or f: #(t) dp(t).

Lemma 1.1[3]: If [a, B] < [, ] then Lﬁ ¢ dp < j: ¢ dp for ¢ € *(X, P)

[" (@ +bg,)dp=a[ g dp+b | g,dp for ¢, ¢, £(X, P)and a,b e R

where (X, P) denotes the set all cone integrable functions.
Definition 1.6[3]: A function ¢ : P — E is said to be subadditive cone integrable function if and
onlyif Ve, feP

a+pf a s
IO #dp S.[o ¢dP+L $dp.
2. Main Results:
Theorem 2.1: Let (X, d) be a complete cone metric space with normal cone P. Let ¢: P — P

be a nonvanishing and subadditive cone integrable map on each [a, ,B]c P for which

J': ¢dp >>0, ¢>>0.Let T: X — X beamapping such that

d(T(x).T(y)) d(x.T(y)}+d(y.T(x)) 1
_fo ¢dpsﬁ ¢.dp fOfFﬁHt%,yeX,CG[O,E).

Then T has a unique fixed point.'in-)@.’l
Proof: Let x e X, choose x e X such that x =T(x). Let x,e X be such that x, =T(x).
Continuing in this way we can define x, =T(x, ,)=T"(x) for n=1,2,3, ...

J' (X1 %) 4 dp J' (T ()T (x01)) 4 dp
< CJ'O X% J+d (X1, X01) 4 dp
<c J‘Od(x"’l'x””) ¢ dp
But d(x,, X,.,)<d(x,,,X,)+d(x,,x,,, ), therefore
J.d(x“x gdp <c

0

¢ dp

J‘d(xnfl X )er (Xnvxn 1
0
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Since ¢ is cone subadditive, so

Id("”x ¢dp<cj i) ¢dp+cI o) ¢ dp

0

Xan

N .[d(Xmlan) ¢ dp < E ) Xn» n—l ¢ dp:kJ.O neon= ¢ dp’ Where k =

o 1-c

< knJ‘Od(lexo) p

d (X1, %) dp < k" d(T(x 4
k #dp <K' "y ﬁ* W
Since 0<k <1, and I ¢dp >>0 forveach(ﬁs >>‘é/}

I|m ot ko) -
J \X/IKIPEDIA

which implies, that |Imd( X1 n) Orhe Free Encyclopedia

To show {x,} is Cauchy sequence, we shall show that limd(T(x,,,,)T(x,))=0 for each positive

integer p.
Let p > 0 be any integer. By triangular inequality

d(xn+p’xn)<d(xn+p' n+p 1)+d( n+p—1' n+p 2)+ +d( n+l’ n)
J-O L, ¢d <J‘ (Kne p X poa ot (x, "”X)¢dp
J‘d Xt pi 1 p _ .[Od(XI'H»p’Xn) ¢dp < -[od(xnﬂ)'Xn+p—1)+"'+d(xn+1’xn) ¢dp

0
Since ¢ is cone subadditive

< jod(xn+p,xn+p_1) ¢dp 2 J-Od(xn+p_1,xn+p_2) ¢dp++ Iod(xml,xl) ¢dp
< (kn+p—1+kn+p—2+...+kn)jod(x1|xo) ¢dp
S(kn +kn+1+m+kn+p—2+kn+p71)J‘0d(T(X)-X) ¢dp

K" (e60x)
< d
Bk .¢ p

Letting n — o0, lim Ld(T(X"*”“),’T;X" ..de =0.
Which implies that limd(T (x,,, ) T(x,))=0 for each positive integer o .

INDEX

Hence {x,} is a Cauchy sequence. Since X is complete cone metric space so {x,} is convergent
tosome ze X .ie. limx, =z.
n

d(T(2)%011) d(T(2)T (%))
[ pdp=| $dp
d (2%, )+d (%, T (2))
<c J.O pdp

<c Iod(l,xn+1) ¢dp+c Iod(xn!T(Z)) ¢dp

o *  VOLUME-19, ISSUE-II 316



mailto:iajesm2014@gmail.com

RO

JOURNAL ABSTRACTTNG AND INDEXTNG SERVICE]
INTERNATIONAL ADVANCE JOURNAL OF ENGINEERING, SCIENCE AND MANAGEMENT (IAJESM PC
January-June 2023, Submitted in March 2023, injesm2014@gmail.com, ISSN -2393-8048

Multidisciplinary Indexed/Peer Reviewed Joumal. SJIF Inpact Factar 2023 =4.753

d(T(z),2) d(z,7(z2))
[ gdp<c | gdp

which implies that d(T(z),z)=0 i.e. T(z)=
Thus z is a fixed point of T.
Uniqueness: Let T has two fixed pointz and wi.e. T(z)=z and T(w)=

d(z,w) d(T (2)7 (w)) d(z2,T(w)hd(w.T(2))
[ sdp= ¢dpSCL ¢dp

d(z,w) c
dp<— d i‘zk here k_
= gdps— Y gdp 2kl ¢‘g
Which implies that d(z, W) 0ie z=w .

This shows that T has a unlque fixed t in X‘
Theorem 2.2: Let (X, d) be a com;wree nCYL ﬁ%ace with normal cone P. Let ¢: P — P

be a nonvanishing and subadditive cone mtegrable map on each [a ,B]c P for which

_Lg ¢dp >>0, ¢>>0.Let T: X — X beamapping such that

J-d(T(x),T(y)) 4dp < a J-Od(x,y) $dp+b J-Od(y,T(X)) #dp. For abeR st a<1-2b and

0

0<bc< % Then T has unique fixed point.

Proof: Let x e X, choose x e X such that x, =T(x). Let x,e X be such that x, =T(x).
Continuing in this way we can define x, =T(x,_,)=T"(x) for n=1,2,3, ...

d (Xn+1vxn) d(T(Xn )VT(Xn—l))
[ gdo= | ¢ dp

d(xnrxnfl) d(xnflvxml)
<a jo $dp + b jo $dp
Using triangle inequality and cone subadditivity,

d(Xn,Xn,l) nl n X Xn+1
SaL ¢dp +b J. ¢dp +bf gdp
d( n+1 X a+ b X anl) Xnvxnfl a+ b
dp<—— dp =k dp, where k=——
L gdp < S22 [T gap =k [ gap -
: INDEX
d(n+lx K of
L pap < f)f e[
Since k=Lb<1then as N—oo, IimJ' ) #dp=0
1-b n Jo

Which implies that limd(x,,,, x,)=0.

It is easy to show that { n} is a Cauchy sequence (See previous theorem). Since X is complete
cone metric space so there is some z € X such that lim x, =z.
n

Z)! Xn+1) ¢ d

d(T( _ J-d (T(@).7(x)

Now, J‘

0

<aj ¢dp+bj
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As N—o0, J'Od(T(Z)’Z) $dp < b_fod(z )

Since 0< b <% then Iod(T(Z)’Z) ¢dp =0 which implies that d(T(z), 2)=0 = T(z)=

Uniqueness: Let T has two fixed pointzand wi.e. T(z)=z and T(w)=

(z.w) (T(@)7( ))
jod Sdp = J-OdT T

d(z,w
<a jo ¢dp 4 b:[ pdp
-F S
Since 0 < a+b <1 therefore ‘. LME
d(z,w) R
dp =0
jo pdp WIKIPEDIA
= d (z' W) =0 The Free Encyclopedia
= Z=W.

It shows that T has a unique fixed point.
Theorem 2.3: Let (X, d) be a complete cone metric space with normal cone P. Let ¢: P —> P

be a nonvanishing and subadditive cone integrable map on each [a, ,B]c P for which
J': gdp>>0, 6>>0.Let T: X - X beamapping such that

(x)pd(y,T(y

J'Od( ¢dp <c J' ¢dp For CE(O ;) then T has a unique fixed point

in X.
Proof: Let xe X, choose x e X such that x, =T(x). Let x,e X be such that x, =T(x).
Continuing in this way we can defing x, =T(x, ,)=T"(x) for n=1,2,3, ...
(Xnsz: X (%), T (Xn-1)) d (%n s X2 H4d (%nog, %0 )
[ gdp= [ gdp<c| $dp
< cJ' ot $dp + cJ'd(X”'X"’l) $dp
d (Xpag: %) d (X, %1 (% Xp1)
[ gdo<— pap=k [ gdp
1_

As in theorems (2.1), it is easy tﬁove that } is'‘a Caudmpfé&uence and completeness of X
implies that there is some z € X such that lim X, =2.

Now, J-Od(T(Z),xM) #dp = J-Od(T(Z),T(xn)) dp
d(Z!T(Z)}‘Ld(Xannﬂ)
< cJ‘0 ¢dp
d(ZvT(Z)) d(xnvxn+1)
< cJ.O gdp + cJ‘O ¢dp

As n—0, Iod(T(Z)'Z) ¢dp < cfod(T(z)’Z) ¢dp which implies that d(T(z), z) = T(z)=z.

Uniqueness: Let T has two fixed point zand wi.e. T(z)=z and T(w)=w.

(z.w) (T(2) T (w)
J-Od Sdp = J-OdT T
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< CJ-Od(Z,T(Z))-»‘—d(W,T(W)) ¢dp
d(z,7(z)) d(w,T(w)) _
SCL ¢dp+cL ¢dp=0= d(z,w)=0 = z=w.

Theorem 2.4: Let (X, d) be a complete cone metric space with normal cone P. Let ¢: P — P
be a nonvanishing and subadditive cone integrable map on each [a, ,3] c P for which

_Lg ¢dp >>0, ¢>>0.Let T: X — X beamapping such that

Ld( ¢dp <c j kel Xj)w = ):Q,dp \sFor some C € (0 ;jthan T has a unique
8 Q ,
fixed point in X. S v

Proof: Let x e X , define x,, =T(x,) for ngl a % =T(x)=T(x).
J-Od(><n+1,><n) sdp = Id(T(Xn)vT(Xn—l)) WIKIPEDIA

The Free Encydopedm
J'd(x X)“Ld(nlxml)"'d Xn an ¢d

0

d(xnflvxnﬂ) Xnvxnfl
< cjo ¢dp + CL ¢dp
Using triangular inequality and cone subadditivity.

S CJ‘Od(anl'Xn) ¢dp + CJ'Od(Xn'an) ¢dp + CJ'Od(xn'anl) ¢dp

<cC

d( n+1 X 2C d(X vxn—l)
dp < —| d
[ = $dp
2¢ \" d(x%) 2¢ " (T (x)x)
() L gon= (2 1T g

If0<£<1i.e. c<1then
1-c 3

. d (Xni1,%,)
“rfnjo ¢dp=0,
X,)=0.

n+l? “*n

which implies that limd(x

It is easy to prove that {xn} IS Caﬁ sequenee:Since-Xcis §@pplete cone metric space so there
issome z € X such that lim.x5 = 4n
n

Now, Ld(T(Z)YXM) dp = Iod(T(Z)YT(Xn)) dp

< CJ'd(zxxn+1)+d(xn1T(Z))+d(zvxn) ¢dp

<c j (v0) ¢dp+ cj ¢dp+ ch(z’x”) $dp

As N—>o0, Iod(T(z)'z) ¢dp < cjo ) pdp

Which implies that d(T(z),z)=0.i.e. T(z)=
Hence z is a fixed point of T.
Uniqueness: Let z and w are two fixed points of T. i.e. T(z)=z and T(w)=
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d(z,w) d(T(2).T(w))
[ #do=| $dp

< CJ~d(z,T(w)%d(w,T(z)}d(z,w) ¢dp
0
d(z,w) 3d(z,w)

'[0 pdp < CL gdp.

Which is possible if d(z,w)=0i.e. z=w

Thus fixed point of T is unique.
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